
H Y D R O M A G N E T I C  E Q U A T I O N S  O F  A R A R E F I E D  P L A S M A  

V. P .  M i l a n t ' e v  

The genera l  hydromagnet ic  equations a re  obtained for  a co l l i s ion less  p l a sma ,  taking ac-- 
count of "magnet ic  v i scos i ty"  and the rma l  conductivity,  when (1.2) holds. These  equa-  
t ions a re  not closed since they contain the fourth moments .  By computing these  momen t s ,  
fo r  example ,  by Grad ' s  method,  we can c lose  the s y s t e m  of equations.  A s y s t e m  of equa-  
t ions in two-dimensional  theory  i s  also given.  

The fo rm of the mac roscop i c  equations of a r a r e f i ed  p l a s m a  in a magnet ic  field depends s t rongly  on 
the p rocedure  for  o rder ing  the physica l  va r i ab l e s .  The Chew, Goldberger ,  Low (CGL) [1-4] o rder ing ,  the 
order ing  of the theory  of finite L a r m o r  radius  [5-7], the low-dens i ty  order ing  [8], and o thers  a re  known. 
The appropr i a t e  expansion of the dis tr ibut ion function is f requent ly  used to obtain the hydromagnet ic  equa-  
t ions [1,3,7,9]. But a s imp le r  method is  to use  the infinite chain of moment  equations d i rec t ly  [4]. G r a d ' s  
modified moment  method [10-12], which, however ,  has  a number  of def ic iencies ,  is v e r y  close to this 
method.  

1~ A closed s e r i e s  of m a c r o s c o p i c  equations was  obtained in [3] for  the CGL order ing  

r a co ~'D 
--~ " - L  -~'~ ~ ~ ' ~ T " ~ e ~ i  (I.i) 

Here  ~2, Wp are  the cyclo t ron  and p l a s m a  f requencies ;  r is a typical  f requency  of mac roehanges ;  a, 
A D a re  the L a r m o r  radius  and Debye length; L is  a typical  macro leng th ,  The o rde r  (1.1) impl ies  that ~2 ~ 
Wp. But in many  p rac t i c a l l y  impor tan t  cases  ~2 << O~p. The a im of this p a p e r  is  to deduce the h y d r o m a g -  
netic equations of a eo l l i s ionless  p l a s m a  for  the order ing  

o / 9 . . - - . a ] L . ~ e . ~ l ,  Q : / o ~ - ~ , D ] a ' ~ . ~ i  (1.2) 

The requ i red  equations a re  obtained d i rec t ly  f rom the infinite chain of moment  equations by expand-  
ing all the v a r i a b l e s  in s e r i e s  in the smal l  p a r a m e t e r s  e and #, which are  a s sumed  to be independent.  

A s im i l a r  t w o - p a r a m e t e r  expansion was used in [9], where  the equations of the lowest  approximat ion  
in e and fi (fl is  the ra t io  of the m a t e r i a l  p r e s s u r e  to the magnet ic  p re s su re )  were  obtained. In con t ra -  
dist inction to this expansion,  (1.2) m a k e s  it poss ib le ,  for  example ,  to invest igate  the s tabi l i ty  of the p l a s m a  
as a function of ft. We know [1,2] that the CGL expansion does not lead to a c losed s y s t e m  of equations,  
since these equations contain the vec t o r  for  the heat flux (the third moment)  along the magnet ic  field. To 
de te rmine  the longitudinal heat  flux r equ i r e s  knowledge of the fourth moment s .  To de te rmine  the l a t t e r  we 
need the fifth momen t s ,  etc.  This  difficulty is  usual ly  e l iminated by neglect ing the longitudinal heat  f luxes 
[3, 9] o r  by using so -ca l l ed  two-dimens ional  theory  [3]. In these cases  a c losed sys t em of equations is ob-  
tained, suitable for  physical  appl icat ions.  

2. As the initial  s y s t e m  of equations we take the chain of moment  equations obtained in a s tandard  
manne r  f r o m  the Vlasov kinetic equation and the sy s t em of Max-well's equations (cf .  [4]). In these equations 
the independent v a r i a b l e s  a re  (in s tandard notation) 

E, BIp, u , P , Q ,  R , . . .  
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In p lace  of these  it is  convenient  to in t roduce  the fol lowing v a r i a b l e s :  

V, Ell, B, e i, 9, u• uli, )0 2, PR, ~ ,  ,Q~.~ . . . .  

Here  

e l ~ B / B ,  Atl = A - e l ,  A •  t 

(2.1) 

V = ( c /B)  [E •  is  the ve loc i ty  of  e l ec t r i c  dr i f t ;  p [[ = erie d : P  =- Pl:l. i s  the " longi tudinal"  p r e s s u r e ;  
p• = lt~ (I - e l e  l) : P  ~ ~ (P~2 + P33) i s  the " t r a n s v e r s e "  p r e s s u r e ;  I is  the unit  t en so r ;  o'~fi i s  the v i s c o u s  
s t r e s s  t e n s o r  with the p r o p e r t i e s  crll = 0, S p a  = 0, Qo~f~? = e ~ e  f i : (e  7 �9 Q) is  t h e p r o j e c t i o n  of  the heat  
f lux t e n s o r  Q on the coord ina te  axes  of the loca l  coord ina te  s y s t e m  f o r m e d  by a r i gh t -handed  o r thogona l  
t r ip le t  of  unit v e c t o r s  e 1 , e2, e3 (c~, f l ,  y take the va lue s  1, 2,  3). 

In t e r m s  of the v a r i a b l e s  (2.1) the o r ig ina l  s y s t e m  of equa t ions  t akes  the f o r m  

0p 
~ -  + V �9 p (U• + ullei) = 0 (2.2) 

(2.3) 

(2.4) u •  v =-ELe, t- ~- �9 

dP ~_ P V . u +  Y.O + [P .Vu l  ~ = a [ P •  (2.5) 
d t  

d r •  l 
dt . . . . . . .  _ _ 2 P l V . u + p l e i e i : V u _ a : V u _ V .  q _{_~.elei : (V.Q).+.et(el .~):V u " 2 a : " ~  " e l e i : i  d (2.6) 

(2,7) 
d P n  d 

dt = - -  P tl V .  U - -  2 p II e~el : V u - -  2 el (%" a) : V u - -  e~el : (V. q)  + a : ~  e, e~ 

(2.8) at  + Q ~ ' . u + V - R + [ Q . V u l  ~ -  [ P V . P l ~ = f l i Q •  ~ 

(2.9) 

(2.10) 

d~  2q I + 2q I1" V. u + elel: (e~V: 12) + 6q Ill e~e i : Vu = 3pp II {el. Vp It + (P II - -  P• V. el} 

at 2q~ + 4q~V. u + ( I  - -  %e D : (e~V : R) = ~ {e~. Vp U + (P ~ - -  P.k) V.el} 

OB - -  V.BV + Bele 1 : VV -- cEilel.rot el (2.11) 0--T-= 

(2.12) 
~ 1  �9 " C 
O t  = ~ e* (elei : VV) + e 1. VV --  V. Ve 1 - -  ~ {Ell r o t l e l +  [VEllel] } 

(2.i3) 

(2.14) 

(2.15) 

o E  II 
ot . . . .  4n]tl + c B  e l . r o t  e I 1- ~ -~ V �9 [el {V. Vev--e i. VV}] --  EII Vel: Vel ~ V. VEIl 

(o0_~vt) l c~ ( c ? ) ' } e 1 . V e  1 _ 4~c . .2 E , , ~  L -  ---- -- T V •  {c ~ + " ~ T  [elj]  - -  ~ -~-~, v•  ii 

V ( + , ~ : V V - - ~ V . B V  ~E,, , c.,, --  ~ e i ' r o t  el) + ---if-- [el{ei.VV -- V.Vei} ] 

V.ei + e l .Vln B.---- 0 

B (V.rote i  _ el .rot  V) + l [eiV ] VB = 4~a (2.16) g u V ' e l  -}- ex'VEll " { - c  " 

In these  equa t ions  we  have  omi t t ed  the subsc r ip t  a which  e n u m e r a t e s  the kind of  the p a r t i c l e s ,  

] = Y, e . n . ~ ,  z = ~ e o n o .  ~ = ~B e 0 rac ' et = W  + u ' g '  7 •  
II a 

2 



The a b b r e v i a t i o n  [ . . . ] s  d e n o t e s  the  s u m  of  t e r m s  ob t a ined  by  c y c l i c  p e r m u t a t i o n  of the s u b s c r i p t s ;  
a b  : e d  i s  the  double  s c a l a r  p r o d u c t  of the  d y a d s  ab  and e d  ; qlI and q "  a r e  the hea t  e n e r g y  f l uxes  in the  

p a r a l l e l  and t r a n s v e r s e  d i r e c t i o n s  

qli ~ 1/2 Q : e l e l  ' q •  : 1/2 o : ( I - -  e l e i )  , q = 1 / ~ 0 :  I 

If  we now w r i t e  the  equa t i ons  in d i m e n s i o n l e s s  f o r m  us ing  t y p i c a l  s c a l e s  ( length L,  t i m e  T,  t h e r m a l  
v e l o c i t y  VT, etc.)  and e x p r e s s  a l l  v a r i a b l e s  a s  e x p a n s i o n s  in a double  s e r i e s  in ~ and g ,  we can  o b t a i n  
equa t i ons  f o r  the  s u c c e s s i v e  a p p r o x i m a t i o n s .  

3. In the  z e r o - o r d e r  a p p r o x i m a t i o n  the t e n s o r s  P ,  Q, R s a t i s f y  equa t i ons  of the f o r m  

[ A  • e l ]  s = 0 

I t  fo l lows  f r o m  t h e s e  equa t i ons  tha t  in  the z e r o - o r d e r  a p p r o x i m a t i o n  

P = P II e l e l  "4- P •  ( I  - -  e~e l ) ,  ~ = 0 

q = (2q II - -  3q~)e~exe, ~- q~ [ e l / ' ]  s 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

cgp 
ot ~- V ' p ( V  + ullel) = 0 (3.7) 

doP k 
dt 2p• u + p• : Vu - -  2q~V. el - -  el.  Vq i ~ (3.8) 

dop II 
dt - -  - -  p II V. u - -  2p II e~e~ : V u - -  2 (q li _ q~) V. e, - -  2el- Vq II (3.9) 

[I Jl 

d--2-~ 2a It A- 2q Ill I (V. u -4- 3ele I : Vu) --[- e 1. VR1 + (R1 - -  3R~) V -e 1 : ~ ~,~1" - r  [I + (P II - -  P• V. el} 
dt - [I 

2 p •  
do2q~dt -~- 4q~V. u + 2e~- VR~ -[- (4R2 - -  R3) V. e~ = ----~-- tel .  Vp II + (P II - -  P• V. e~} 

(3.10) 

(3.11) 

OB 
Ot 

- -  V .  B V -[- B e l e  1 : V V  (3.12) 

0 el 
Ot 

--  - -  elele 1 : VV Jr- el.  VV - -  V.Ve 1 (3.13) 

w h e r e  

do 0 
dt - -  " - ~  "iV ( V  -~ ullel).V 

u •  = V ( 3 . 5 )  

To ob ta in  the  equa t ion  f o r  the  evo lu t ion  of  the l o n g i t u d i n a l  v e l o c i t y  u H we have  to c o n s i d e r  the  f i r s t  
a p p r o x i m a t i o n  wi th  r e s p e c t  to e in Eq .  (2.3) 

Ou il 0el 
at ~ V'Vu[i -[- uilel"Vuij - - Y  . - g ~ - [ - e l V : V Y ~ u l t e l e l : V V  

i __ e E(1) (3.6) A - 7 { e l .  VPl I - t - ( p t l - -  p •  m II 

F u r t h e r ,  in the z e r o - o r d e r  a p p r o x i m a t i o n  

R = (.R 1 ~ 6/~ta + 3//4R3) e l e l e l e  1 + (R~ - -  1/4R~)[e:telT]S + 1/4R 3 [ I IF 

w h e r e  R 1 = m (c~l> R 2 : ( m / 2 ) ( c ~ c 2 >  , R 3 = ( m / 2 )  (c4,> , c i s  the  r a n d o m  v e l o c i t y  of  the  p a r t i c l e s ,  (. . .> d e -  
n o t e s  s t a t i s t i c a l  a v e r a g i n g .  

F u r t h e r ,  we s e e  f r o m  (2.3) and (2.4) tha t  in the z e r o - o r d e r  a p p r o x i m a t i o n  t h e r e  i s  no e l e c t r i c  f i e ld ,  
E ]] = 0, whi l e  the t r a n s v e r s e  v e l o c i t y  of  the  p a r t i c l e s  c o i n c i d e s  wi th  the e l e c t r i c a l  d r i f t  v e l o c i t y  



To this s y s t e m  we have to add fu r the r  equations for  E(~) and V, which in genera l  have to be obtained 
1 [  

f r o m  (2.13) and (2.14). However ,  these  equations contain f i r s t  approximat ions  in e for  the c u r r e n t s ,  to de-  
t e rmine  which we requ i re  equations fo r  u in the f i r s t  approximat ion  with second approx imat ions  for  the 
e lec t r i c  f ield and the c u r r e n t s ,  etc.  This  difficulty can be avoided (cf. [3]). I t  follows f r o m  the genera l  
equation for  u that 

Ell ~ ea'~n~ ~ O/ ll Oel __ ~ e a ~ .  a ma b} + ~ eau II ~V.nau a -- j .  T -P ~ ~ elY" Pa (3.14) 
a (~ 

F r o m  this ,  in the f i r s t  approximat ion in e and the z e r o - o r d e r  approximat ion  in ~ we have 

E(#0)E ~  ~ 0) 

s ince,  as follows f r o m  (2.13) and (2.14), 

i f " )  = 1(,~'~) = , ,e "~) = 1~?'~) = i ( ,~" = o 

j(1.~ o 

Now f r o m  the genera l  equation fo r  u it is easy  to obtain 

The r ight  side can be t r a n s f o r m e d  in a s tandard  manne r  using Maxwel l ' s  equations,  a f t e r  which the 
equation takes  the f o r m  

-~-v ~-(g + - ~  

i 0 (3.16) 4~c ~ -  i~-k~l  

F r o m  this  we have the z e r o . o r d e r  approximat ion  equation for  V 

p -k Y" V) u -~- 9elVel : V V -~ ~ Pa {2u lI ael" VV --  2u il ~elelel : VV 

-~ U It av l '  v~l~ :Vl~ li s 9a + ~ { ( t  - -  e le l )  �9 v p L  a 
a ~ a a 

l _ ~  V. B 2 (e le  1 t + (P ti a - -  P~.~) el" Vel} ---- 4n : -  -~ I )  (3.17) 

where  p = ~ P a .  

Equations (3.5)-(3.13), (3.15), and (3.17) a r e  the requ i red  equations of the z e r o - o r d e r  approximat ion .  
But they do not f o r m  a c losed sys t em,  since they contain unknown f o u r t h - o r d e r  momen t s  of R .  In p r i n -  
ciple we can wr i t e  a genera l  equation for  R ,  but it  contains f i f t h -o rde r  momen t s ,  e tc .  We can c lose  the 
above s y s t e m  by finding an approx imate  express ion  for  I t ,  for  example ,  using G r a d ' s  method of momen t s  
[10-12]: 

pl% ---- [{P_L (I -- elel) -{- p II elel} {P• (/~ -- elel) -}- p II eel}]s 

4. We now cons ider  the equations of the f i r s t - o r d e r  approximat ion  in a and the z e r o - o r d e r  approx i -  
mat ion in ~ (omitting the subscr ip t  0 in expansions in ~) .  The f i r s t - o r d e r  approximat ion  for  the equation 
of continuity is  

0-7" -b V. p (u• ~- u II el) == 0 (4.1) 

I f  we introduce the v e c t o r s ,  the "deficient" component  of the t r a n s v e r s e  ve loc i ty  u• -= V + s ,  f r o m  
(2.4) in the f i r s t  approximat ion  we have 

(4.2) 
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The v e c t o r  s inc ludes  the e f fec t  of the g rad i en t ,  c en t r i f uga l ,  and o t h e r  dr i f t  mo t ions  of the p l a s m a  
p a r t i c l e s .  The equa t ion  fo r  V (1) is  ob ta ined  f r o m  the g e n e r a l  equat ion  (3.16) 

9(~ ~ ~ Ulla el -~ V. _ p}(1) ! . ~ _ +  Oel ~_ Ou,la t I )  
-0-/- - -  T u~'Vua)~ : {-~~- (elel - -  T (4.3) 

w h e r e  P = ~,~P. .  
a 

Now t h e r e  folIow the  equat ions  

Ou(l~) 
Ot 

_ _ _  : .(1) i V . P  (~) pa) _ e E(~) (4 .4)  ( u2 " Oe~(~)+{ e l ( v ' ~ - u ' l e l ) : V u i - [ - ( V + u l l e l ) ' v u l t + e l s O t ]  YV~ '~- p--~{( )It $6~ (V'~)(i~)}---m- rl 

dop(~ ) l do d--Y-~u(mVp(~=~-2p•  (~ (4.5) 

dop~ ) do dt" + u(1)" VP(I~) : { -  p ~ V .u - -  2p R e~el: Vu ele I : (V. Q)}(1) _ 2e~O) (e(lO).~(1)) : Vu(O) + a(1) : ~ -  (elel)(o) (4.6) 

Oe~ 1) E, . . . .  (o) ' [ e ~ ~  ( 4 . 7 )  Ot = {el"VV V'Vel  - -  elelel : VV}(1) E('> 

~ ~n(o) %~gl) I e l y  : p .}(1)  + = + -- : -  (4.8) 
) 

a 

do2- II (I) 
P(~ J ---~ " [  :dr --'4- u(')" Vq II 0) + [2q I V" u "~ elel : (elV : R)  -~ 6q ,, elel : Vu] (1) - -  o711~fl(1) (e~ , ~del. - -  vie ~ : Vu)(~ 

. p(1) p(O) 
+ 3  t p~-~" P(~)){el"VPil+(Prl--Pi)V'el}(~ (4.9) 

- d 2 -• 
(o) ( o v II P I T  -~ 2u(~)'Vq~ (~ -~ [2ql~ (/- ~ elel) ! Vu + ( I  - -  ele~) : (elV : R) 

R/)(1) ~ doex 
+ 2 (Ql~2e~e~ + Q13aeae3) : Vu]  (1) "~ ~MIl~'zt" dt 

~(~) doe~ _~ [2Qil)2%e1 + 2Ql(~3)eael -I- orb(i) "'~l~ (eze3 -~- e3es) - -  ,,j~,~,~ e ~ .  ~ _ 

., f#(1) f~ (~)~ 2P~ )p0) 
~,esss + ,~3) e~es + (Q(s~ + Q<3~) e~ea] : Vu (~ + - - 7 -  {e~. Vp 

(Pit - P l )  V'el}(~ = {2P1~ (e~ 'VP~ ~ P~V.e~ ~ P~e~% : Ve~) 

2P13 (e~,. VP3a -~- P3~V. e~ + P~e3e~ : Ve~) 

-~- (P22 -~- P3a)(e~-VP~l ~ PlaY. e~ -~ P~;~e~e~ : Ve~)} (1). (4.10) 

Now it  r e m a i n s  to d e t e r m i n e  the  t e n s o r s  P (1) and  Q (1) w h i c h  d e s c r i b e  the  v i s c o s i t y  and  t h e r m a l  c o n -  
d u c t i v i t y  of  a e o l l i s i o n l e s s  p l a s m a  wi th  a s t r o n g  m a g n e t i c  f i e ld .  To  f ind p(1) we have  to u se  the  f i r s t  a p -  
p r o x i m a t i o n  e q u a t i o n  (2.5):  

([ P • el]9 (1) ! ( dR : ~ \dt  ~- P V . u ~ - V . Q - ~  [P .VulS)  (~ 

F r o m  th is ,  a f t e r  s c a l a r  mu l t i p l i ca t i on  by the a p p r o p r i a t e  dyads ,  c o n s t r u c t e d  f r o m  the unit  v e c t o r s  
e l ,  e2,  e3,  t h e r e  fol low: 

P~) P• : Vu ~- (pl, p• (e 2 0e, A- : 'I - -  q~) e2el ~(0) ~- {(p ~e2el + --  Vel) -~ ez.Vq~ + 2 (qll :Vel,  

1 D(1) -~- P~ele3) : VU -~- (Pll - -  P l  ) ( e3 " ~ ~- eau : Ve 1' - -  12 = - -  ~--'-{(PHe3el 0 e l  )+e3.Vq.l,i..~ - 2(qll, ' q~) e3el:Vel}(o,. 

(4.11) 

(4 .12 )  

~ ~ ( ~  - ~ ) :  (p lY-  ~- q~W~) (~ (4 .13 )  

p(1) D(1) (1) i = - -  ~2~ : PJ. + ~ (e2e3 + e3e~) : (p2.Vu -[- q~Vel) (~ (4.i4) 



P ( s  p?! (4.15) 

If in these equations we replace 0e l /a t  in accordance with (3.13), it is easy to obtain Maemahon's  
equations [4] (ef. [12]). 

The tensor  Q(1) is  determined by Eq. (2.8) 

([Q • e~],)(1) = -fi- \ -~ -1  {dQ --A-0V.u_~ V . ~ -  ~ [Q.Vu]~ ~ [pv.p],)( ,)  

From this we obtain (ef. [4]) 

Q(t) l i l 2 t ,  I I --q~)(e~ .-~.- + e , u :  Ve,) + 2(qll%e, + q~-et%): Vu 
:is fi  { :'~ II 

+ (Rt - 3 / / , )  e,e,  : re ,  + e, .  VR, - -  - ~  [e,. Vp• + (PJI - P i )  e,e,  : Veil} (~ (4,16) 

Q(l ' : i~{2(q~lq~)(e~ ~ Ve~.)-I-2 (q II e~,e,-t-q~eie~) Vu m - - ~ -  + e3u : : 

+ (n~ - 3n,) ~ 1 :  w~ + e~. v n ,  - -~- [e~. vp_~ + (p tf - Pi) ~ 1 :  w~l }~0) (4.17) 

Q~ = ~ (e,el i eae3): {q~Vu + (ill,--:..:.- R3)Ve:l} (~ (4.18) 

, ( . .  ' . 4 . o , )  <~ (Q1.~a - Qm) (1) = ~ (%% + e3e,) : {q ~Vu + - T (4.19) 

~(1) _ 2t)(t) ,~(1) _ 2q t~e3et: Vu + R, -- T Ra e3et : Vel 

t 
+ ~ - e3"VRa -: ~ [ea'VP-L + (Pll -- P~) eaet: Vex]} <~ (4.20) 

~ = ~ s  -- -~s~ =-5" ~ qtl e~et : Vu + R~ - - T  R3 e~el: Vet- 

i PL 
+ T e~-VR~-- ~ [e~. Vpi + (Pll -- P• e~et : Vel]} (~ (4.21) 

The components Qtlt = 2qn u and (Qt22 + Q133)(t) = 2q~ are descr ibed by Eqs. (4.9) and (4.10). Equa- 
tions (4.11) and (4.21) give approximations of the Navier-Stokes type for the description of a coll is ionless 
p lasma in a strong magnetic field. 

5. By two-dimensional theory we mean the special case when the l ines of force of the magnetic fietd 
are straight and remain straight as t ime passes .  We only consider phenomena occurr ing in the plane pe r -  
pendicular to the l ines of force,  i .e. ,  we assume that 

ez .V=0,  Vet=0,  uil =0 (5.1) 

Then in the ze ro -o rde r  approximation we obtain a quite simple se r ies  of equations 

where 

Dpo = -- 9~V. Y (5.2) 

Dp• = -- 2p~aV- Y (5.3) 

DB ---- -- BV. V (5.4) 

~,DV = - v (f~ + 8-~ BJ (5.5) 

~ o 

To an accuracy of order  ~2, ~ the equations of two-dimensional theory have the form 

o, <,o {L: - :  :tp  +--:)7 



Op• 1 1 

q- ~ - E e  1 �9 (IV(P• q- ~ ) V  lnpl + [Vp• In B])-- i e l .  [VgaaV In B]}(~ 0 

Pa Pa 
-- 2{p• q- -g~-a )} [e-v] V. V --[e,V] V. {VP_La- ---~- V(p• q- ~ ) }  

OB - - = - - V . B u  Ot 

The symbol u_~ indicates that the operator V acts only on V. 

The system is not closed until we have determined Ra (~ . From Grad's method of moments [12] we 
can write 

R (~ - -  4p• / p 

Then the above system of equations is closed. Using (4.11)-(4.15) it is easy to find that in two- 
dimensional theory 

V.,~' P• P• --[e~V - ~ l . V  = 2 -~  {A•165  In u 

From this, in particular, there follow the familiar equations [13] for the components of V �9 ~ (0 in a 
cylindrical coordinate system. 
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